Unbounded quantum Fisher information in two-path interferometry with finite photon number 
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The minimum error of unbiased parameter estimation is quantified by the quantum Fisher information in 
accordance to the Cramer-Rao bound. We indicate that only superposed NOON states by simultaneous mea- 
surements can achieve the maximum quantum Fisher information with form (N^) for a given photon number 
distribution by a POVM in linear two-path interferometer phase measurement. We present a series of speci- 
fied superposed states with infinite quantum Fisher information but with finite average photon numbers. The 
advantage of this unbounded quantum Fisher information will be beneficial to many applications in quantum 
technology. 
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I. INTRODUCTION 

Precise interferometric measurement plays a key role in 
many scientific and technological applications, such as quan- 
tum metrology, imaging, sensing and information processing 
IOj. The fundamental sensitivity bounds of phase measure- 
ment in the Mach-Zehnder interferometer (MZI), as shown in 
Fig. |l(a)[ are of broad interest for those areas. For N identi- 
cal uncorrected particles, the error about the phase measured 
in MZI on the average decreases as 1/{N)^^^ which is the 
shot-noise limit (SNL). In 1980s, it was pointed out that by 
using coherent light together with squeezed vacuum we could 
beat SNL 10]. It is also shown that using NOON state lH and 
quantum entanglement allows interferometric sensitivity that 
also surpasses this limit. Instead of SNL, the ultimate limit 
imposed by quantum mechanics is the Heisenberg limit (HL) 
with a generally accepted form 1/{N) [4, 5]. Experiments ex- 
ploring those topics havejieen performed in vaiious systems 
with photons 
condensates 



ions ISO, cold-atoms [9] and Bose-Einstein 
1 in . However, it seems to be indicated in 
some works that the HL with form 1 / {N) could be violated 
while the experiments are performed with a fluctuating num- 
ber of particles lfT2l [Tsll . Then, HL for an unfixed number 
of particles has become a focus of great attention as well as 
contention in all the parameter estimation schemes. 

In this Letter, we investigate the quantum Fisher informa- 
tion (QFI) in two kinds of two-path interferometers for a fluc- 
tuating number of photons since the well-known Cramer-Rao 
bound (CRB) whose leading role is played by QFI is often 
used to estimate sensitivity of phase measurement. To achieve 
the maximum QFI and the lowest CRB, we should use the op- 
timal states, and implement the optimal measurements (opti- 
mal POVM). We investigate the measurement applied in two 
kinds of linear two-path interferometers, as shown in Fig. [T] 
Note that Fig. |l(a)| is for MZI, and Fig. |l(b)| is a modified 
Mach-Zehnder interferometer (MMZI) where the first beam- 
splitter is replaced by an entangled photon source. We show 



that the optimal measurement scheme can be expressed by a 
group of compatible observables. We confirm that the max- 
imum QFI for a definite photon number probability distri- 
bution, written as (N^), is saturated with a superposition of 
NOON states in MMZI. In particular, we present a superposi- 
tion of NOON states with a specified probability distribution 
and a finite average photon number. We find that QFI for this 
state can be infinite, i.e. an arbitrary high phase sensitivity 
is obtained by Cramer-Rao inequality while it still has a fi- 
nite average photon number Apparently, this phase sensitivity 
does not violate Heisenberg unceitainty relation, but seems to 
break HL. 



Nevertheless, CRB is only asymptotically tight for in- 
finitely many trials of measurements under the unbiased es- 
timate assumption ifTilfTsf l, and it includes no prior informa- 
tion of the phase probability distribution [ 16]. Therefore, HL 
can merely be violated under some very special situation, for 
example the phase is in a restricted neighborhood near zero 
as the case of distinguishing states, and the limit obtained by 
CRB is of little use when we consider the resources required 
for the prior information of the problem lll7l - IT9ll . Similar the- 
oretical results based on the quantum speed limit fid] are also 
obtained in Ref. ]21]. Although CRB can sometimes grossly 
underestimate the achievable error, QFI and CRB are still of 
great use for many applications in quantum techniques such 

111 HI], limits of 
2511 and quantum 



as parameter estimation for noisy systems 
imaging ]24], distinguishability of states 
Zeno effect [,26il . Related topics and recent developments can 
be found in Refs. 127^361]. 
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This paper is organized as follows. In Sec. |II] we demon- 
strate the optimal measurement scheme by simultaneous mea- 
surements in linear two-path interferometers. In Sec. [II] we 
obtain the maximum QFI in the optimal measurement scheme. 
In Sec. IIVI we discuss the measurement scheme written as 
one operator In Sec.|V] we present a superposition of NOON 
states with infinite QFI and finite average photon number Su- 
perpositions of NOON states in MMZI and dual Fock states 
in MZI are compared in Sec.[Vl] Finally, a conclusion is given 
in Sec.lVlIl 
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FIG. 1. (color online), (a) Setup of Mach-Zehnder Interferometer. 
\^)in is the input state. Both beam-splitters are 50 : 50. The un- 
known phase shift (j) is to be estimated. A controllable phase 9, in 
the other am, is used in the experiment to achieve the best precision. 
tj^-e is the phase operator and C/^-al^') is the intermediate state. 
Passing through the second beam-splitter is the output state |^')out. 
We perform photon number counting measurements at two ports of 
Mach-Zehnder Interferometer to measure the output state, respec- 
tively, (b) Setup of modified Mach-Zehnder Interferometer. The first 
beam-splitter is replaced by an entangled photon source. We assume 
that the entangled photon source can produce NOON states and su- 
perposed NOON states. 



II. SIMULTANEOUS MEASUREMENTS 

Two-path optical interferometers are widely studied to esti- 
mate a completely unknown optical phase from the photon 
numbers observed in two ports of the output. Here we express 
the quantum mechanics of two-path interferometers in terms 
of the spin-A^/2 algebra of the Schwinger representation, as 
shown in Ref. II37I1. 



J3 = (ata-fet&)/2, 



&ta)/2i 



(1) 



where a and h are the annihilation operators of the two paths. 
Eigenstates of J3 can be defined as usual by Fock space rep- 
resentation as. 



|j, m) \3 +m)a\i - m)b. 



(2) 



The phase shift of between the arms of the interferom- 
eter can be expressed by a unitary transformation C/^ = 
exp(— 10 Js). The unitary transformation of a beam-splitter 
is given by B = exp(i7r ji/2). 

Then, we consider that a linear phase estimation scheme 
in two-path interferometers can be divided to three parts: 
states preparation, phase transformation and measurement 
iS mill, see Fig. |2] The proced ure in Ref. [|4Q] is a spe- 



cial example in which phase transformation repeats n times 
during each measurement. 
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FIG. 2. (color online). General phase estimation procedure involving 
states preparation, phase transformation and measurement. 

In this section, our discussion is focused on the measure- 
ment part. We perform photon number counting measure- 
ments at two ports of linear two-path interferometers to mea- 
sure the output state \^)out, respectively, written as fia and 
fib- It is obvious that fia and fih are compatible observables, 
[na,fT-f)] — 0. Thus, measurements fia and fit, can be per- 
formed simultaneously. This pair of measurements can not be 
expressed as fia <E) fib because we obtain two independent re- 
sults that can be written as a column matrix, {ria, rib)'^, from 
simultaneous measurements of any two-mode Fock state, 



rib 



Ij^Yl C;3.ra\j + m)a\j -m)b 



3 m=-j 



j m=-i 



where J2jJ2''m=-j\^j,m\'^ = 1- However, the operator 
fia (8) fib only obtains a result ria x rib, and is useless to de- 
scribe a pair of simultaneous measurements. Here we define 
simultaneous measurements as using several compatible ob- 
servables to perform a united measurement for a state at the 
same time. In fact, it is sufficient and necessary for them to 
be measurable consecutively, such that the joint probability of 
the results does not depend on the order of the measurement 
^ . Moreover, we show these pairs of simultaneous measure- 
ments are equivalent. 



"a 
hb 



rib 

fin 



(4) 



where N = fia + fib i& total output photon number, and A = 
fib — fia is the difference between the two ports. 

Then, we show that the simultaneous measurements in 
two-path interferometers can be described by two equivalent 
POVMs, 



E{N, A) ^ E'{na,nb) 



liL A\ / E. A I ^ I N-A \ I Af+A \ / N+A I / A^-A I (5) 
2'2/\2'2l^l 2 /a\ 2 /b\ 2 \b \ 2 la' 



{E{na, rib)} and {E{N, A)} are complete in the sense that, 

N 

^ ^K,nb) = ^ ^ mA)=/, (6) 



N A=-N 



3 



where / is a unit operator. In subsequent sections, we use the 
equivalent simuhaneous measurements E{N, A) for simple- 
ness. 

III. FISHER INFORMATION AND CRAMER-RAO BOUND 

To estimate the parameter ip, a POVM is performed 

on the output state, and (j) is inferred from the measurement re- 
suhs ^. The final measurement results are related with Fisher 
information (FI) which takes the form. 




where l*^) = C/^]*), and likelihood function = 
{'i>tl,\E{^)\^^) is the probability of measurement results ^ 
given that the true system phase is (p. CRB places a limit 
on the mean of the square of the unbiased phase error via the 
Cramer-Rao inequality, 

A^>l/^fF~\\^]. (8) 

We note that FI is additive, and for M repeated trials of 
the same measurement, the FI is M x F^j.^^ [I^P^)], which 
leads to CRB on the phase uncertainty, A(f) > 1/ {M x 
^E(i) [l**)])^^^- foi" state \^^) is the maximum, 

Fq[\^^)] max F^^^[\^^)], (9) 

which is saturated by a particular POVM IH, I?!]]. In the fol- 
lowing discussion, we show that the measurement with form 
E{N, A) in Eq. ^ saturates the QFI when state j'i') is a su- 
perposed NOON state. 

When total photon number fluctuates, we consider a pure 
state generated from the entangled photon source in Fig. |l(b)| 

1*) =^/p(iV)|^jv), (10) 

N 

where P{N) refers to the probability distribution of total pho- 
ton number N, and IV-w) = J2m=-N/2 \/p('^)l-^/2, ™)- 
When the phase is 0, we write the probability of any out- 
put resuh (iV,A)^ as P{N,A\(j)) = out{'^\E{N,A)\^)out, 
in which |5')out = BU^\'i>) is the output state. For the 
output result N ^ na + rn,, the probability is P{N\(p) ~ 
J2a=-n o«t(*|-E(A^, A)|*)o„t. The conditional probability 
isP{A\N,(j)) = P{N,A\<j))/P{N\(l)). Because [B,N] = 
[Utp^N] = 0, the probability distribution of photon num- 
ber does not change after beam-splitter or phase, P(iV|0) — 
P{N) and dP{N\(l)) /d(j) 0. Hence, FI can be written as, 

[!*)]= ^P(iV)F^(^^[|V'^,)]. (11) 

N 

This means that the FI of the state with a fluctuating pho- 
ton number equals to the probability summation of each FI 
of the superposed state which has a fixed photon number As 



the situation that the photon number is fixed, FI of IV^at) is 
FqW^Pn)] = if and only if IV'jv) is a NOON state, and FI 
of any other state is less than N'^. Therefore, we have, 

FEiNA^n < maxFQ[|vI/)] = {N^}, (12) 

where the equality can only be achieved when \'^) is a su- 
perposition of NOON states. Moreover this is QFI, and 
{E{N, A)} is the optimal POVM. According to the Cramer- 
Rao inequality, we obtain CRB as 

A<j)> 1/{NY^^- (13) 

Therefore, we find the optimal measurement and optimal 
states for the maximum QFI in linear two-path interferome- 
ters. We remark that we can calculate FI by using either inter- 
mediate state C/0|\E') or final output \'^)out in Fig-Ill It makes 
no difference for the result when POVM {E{^)} is optimal, 
as pointed out in Ref. |38]. 

Here we emphasize that CRB is asymptotically tight for un- 
biased estimation with infinite trials of measurements, and it 
does not provide a rigorous basis for HL when considering 
the prior probability distribution of overall phase shift. Even 
so, QFI is still an extremely important quantity in quantum 
physics. When the system interacts with the environment, 
such as quantum noise and photon losses, QFI changes and 
the precision of phase sensitivity is affected. It is shown that 
QFI flow, written as 9ti^Q [j^*)], directly characterizes the non- 
Markovianity of the quantum dynamics of open systems (4^. 
Therefore, QFI can also be evaluated by the phase sensitivity 
in the experiment to measure the non-Markovianity of quan- 
tum open systems. Moreover, an environment-assisted preci- 
sion measurement is also available 1.43.1 . 

IV. MEASUREMENT AS ONE OBSERVABLE ESTIMATOR 

If a phase shift (p is measured by the outcomes of an ob- 
servable estimator A in linear two-path interferometers, the 
estimator should be expressed as a binary function of fia and 

fib, 

A = f{na,nb), (14) 

which is the case considered in Refs. ll44l - l46ll . Because simul- 
taneous measurements are complete for the two-mode Fock 
space, and are sufficient for phase (p, we obtain, 

i^l[|*0)]<F^,(,,„,,,,)p0)], (15) 

where the equal holds if the measurement A of the state j^'^) 
is a sufficient statistic for underlying parameter (j) ll47ll : for 
example, an observable A = fia + V^fib is sufficient for QFI 
for any state in the two-mode Fock space. 

Note that one observable estimator that is sufficient for QFI 
when considering a fixed photon number may be insufficient 
when the photon number is fluctuating. For example, if the 
total photon number is fixed and known to be N, momentum 
operator J3 |48] is sufficient to achieve the maximum QFI 



4 



when state \^) generated from the entangled photon source 
in MMZI is a NOON state; but we confirm that J3 is not the 
optimal measurement for QFI when total photon number fluc- 
tuates. 

We should also notice that some operators, for example the 
parity operator Hq = exp {iTrha) lfT2l l49ll . are still useful in 
the quantum metrology for high precise parameter estimation, 
although they can not saturate QFI for states with a fluctuat- 
ing photon number. Moreover, when deriving the appropriate 
form of HL, it is reasonable to consider the situation that the 
parameter is estimated from the results of quantum measure- 
ment which is a sufficient statistic for the parameter. 



V. A SUPERPOSITION OF NOON STATES WITH 
ARBITRARY HIGH PHASE SENSITIVITY AND FINITE 
AVERAGE PHOTON NUMBER 

As we have already shown, a superposition of NOON states 
will always saturate the maximum QFI in Eq. ( fT2] l. Here we 
present an interesting example of such a state which has an 
infinite QFI when the average photon number is finite. We 
consider a superposition of NOON states as the following. 



1 



N=l 



1 |iV)a|0)b + |0)a|A^)b 
^ V2 



,(16) 



where x G {1, +00), C{x) = X]w^=i 1/^^ is Riemann Zeta 
function, and here it is the normalization factor The prob- 
ability of each NOON state, (|A^)a|0)6 + \0)a\N)b)/V2, is 
l/{Cix) X N^) for photon number N. When a; < 2 the av- 
erage of photon number is infinite. We next consider the case 
X — 3, the photon number on average can be calculated as. 



(N) 



1 

C(3) 



E 

N=l 



N 



cm 

C(3) 



1.369. 



(17) 



This means that a superposed state, |5'(3)) in Eq. ( fTSI l. has 
a finite average photon number, while the average of squared 
photon numbers, (iV^), can be infinite, as calculated in the 
following. 



1 



C(i) 



C(3) C(3) 



— 00, 



(18) 



where we have used the fact, C(l) — ^ 00. For the general 
case, both (N) and (7V^)^/^ are dependent on x, the relation 
between the photon number on average and CRB of phase es- 
timation for state Eq. ( fTSI l, Acj) =1/ {N^y^'^, is shown in Fig. 
[3](a). We can see from Fig. [3(a)] that CRB reaches zero when 
(N) approaches about 1.369, and as (N) increases, CRB re- 
mains as zero. 

Note that in Refs. a following state was proposed. 



1$) 



A 



M 



-|m),(Af » 1,A~ y/6/^)(19) 



It is shown that QFI of this state can be arbitrary high when 
the average photon number is infinite, while, in our case as 
Eq. (fTSI l. the average photon number can be finite. 
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FIG. 3. (color online), (a) Phase uncertainty against average pho- 
ton number (iV) . Green dash-dot line is for the SNL 1/{N) black 
dash-dot line is for conventional HL 1 / (N), purple dash-dot line de- 
notes CRB of TMSV dual Fock state l/((iV^) + 2{iV))^/^ blue 
dash line indicates the minimum CRB in TMSV states l/(2(iV^) + 
2{N)y^^, and red solid line is for CRB of superposed NOON states 
in Eq. l il6b . When (A'^) > 1.369, state in Eq. l il6b obtains an infi- 
nite QFI and a zero CRB. (b) Phase uncertainty A<^ against average 
photon number (A'^). Red solid line is for the CRB obtained by the 
superposition of NOON states similar as Eq. ( II 6t . and black solid 
line is for the superposition of dual Fock states. When (N) < 2.737, 
QFI for NOON state is larger than dual Fock state, while when 
(iV) > 2.737, both QFIs are infinite. 



VI. SUPERPOSITIONS OF NOON STATES AND DUAL 
FOCK STATES 

Dual Fock state, \N)a\N)b, is closely related wifli NOON 
state and is also widely used in the optical interferometric 
quantum measurement. For example, when input is a dual 
Fock state |l)a|l)h in MZI, the intermediate state is a NOON 
state with photon number N ~ 2, see We next compare 
QFI of superposition of dual Fock states with that of NOON 
states in two examples. We emphasize that NOON states and 
dual Fock states are compared in different interferometers. 
NOON states are generated by the entangled photon source 
in Fig. 1 1(b) while dual Fock states are the input states of MZI 
in Fig. 1(a) The reason why we consider dual Fock states is 



that generating dual Fock states is easier than generating the 
NOON states when photon number grows high. 

The first example: we consider the input state as the two- 
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mode squeezed vacuum (TMSV), which is a superposition 

of dual Fock states, = En=o \/pN{{N})\N}a\N)b, 

where p^((7V)) = (l-t^^^)t^^^ witht^^^ = l/(l+2/(iV)), 

see ill]. When a dual Fock state |*)j„ = |iV)a|iV)b passes 
through the first beam-splitter, the intermediate state is. 



I*) 



N 

E 

fc=0 

[(-1)^|27V 



c^y/{2N -2ky.{2ky. 

Ar!2JV+i/2 ^ 
2fc)„|2fc)fc + |2fc)j27V. 



2fc)fc]. (20) 



QFI of each superposed state is (2Af — 4fc)^. Hence, QFI of the 
intermediate state Eq. ( l20l i can be calculated to be 2N'^ + 2N. 
Then QFI of the TMSV is Y.N=oPNi{N))i2N^ + 2N) 
(-/V)^ + 2 (TV). In comparison, for a superposition of NOON 
states with a same probability distribution as TMSV, j^I') = 

E^=o \/pNi{Nm2N)a\0)b + \0)a\2N)b)/V2, the QFI is 

Y.N=oPNi{N))4:N^ = 2(Ar)2 + 2{N). This state saturates 
the maximum QFI for this probability distribution of total 
photon number CRBs of these two states are shown in Fig. 
|3(5)1 

Second example: similar as the state in Eq. (fT6] l, we con- 
sider a superposition of dual Fock states with the same prob- 
ability distribution of the photon number, \'i'{x))duaiFock — 
En=i W)a\N)b/^C{x) X N^. When x ^ 3, the average 
photon number is (N) = w 2.737, and QFI can be 



2xC(l) 
C(3) 



2xC(2) 
C(3) 



calculated as, FQ{cf)) — J2n=i 
Subsequently, it is with a zero CRB similar as the state in Eq. 
(fTSI l. The results of these two states are plotted in Fig. |3(b)| 
Note that for probability distribution 1 / (C(a;) x N'^), the pho- 
ton number of NOON state is 2N in comparing with that of 
dual Fock state. We can see that when (N) < 2.737, QFI for 
NOON state case is larger than case of dual Fock state; when 
(N) > 2.737, CRBs of both states are zeroes. 

Generally, for any pure intermediate state written as Eq. 
( [Tol l, the form of superposed state \iPn) and the distribution 
of photon number P{N) are both important to achieve a high 
QFI in linear two-path interferometers, which can be regarded 



as the effects of entanglement as well as superposition. A 
similar discussion can also be found in Ref. |13]. Another 
interesting result is that the states with infinite QFI might not 
have any Zeno dynamics since the quantum Zeno time scale 
expressed in terms of QFI, written as tqz = 2 / ^raFq ll26ll . 
approaches zero. 



VII. CONCLUSION AND DISCUSSION 

We propose that the maximum QFI of states with a fluc- 
tuating or fixed number of particles takes the form, (iV^) in 
two-path interferometer Our result shows the superposed 
NOON states by simultaneous measurements achieve this op- 
timal QFI in MMZI. We also present a specified superposition 
of NOON states with probability distribution related with Rie- 
mann Zeta function. This state has an infinite QFI but with a 
finite average photon number via hnear two-path interferom- 
eter measurements. We also compare the case of dual Fock 
state in MZI with that of NOON state in MMZI. Our work 
presents that the advantage of this unbounded quantum Fisher 
information can be obtained by only a few superposed terms, 
which will be beneficial to the future development of quantum 
technology. 

We assume that the entangled photon source in Fig. |l(b)| 
could produce superposed NOON states. One area for fu- 
ture research is to prepare superposed NOON states when 
some achievements have been made for the formation of high- 
NOON states lUllll. 
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